With approaching quantum/noncommutative models for the deep microscopic spacetime in mind, and inspired by our recent picture of the (projective) Hilbert space as the model of physical space behind basic quantum mechanics, we reformulate here the WWGM formalism starting from the canonical coherent states and taking wavefunctions as expansion coefficients in terms of this basis. This provides us with a transparent and coherent story of simple quantum dynamics where both the wavefunctions for the pure states and operators acting on them arise from the single space/algebra, which exactly includes the WWGM observable algebra. Altogether, putting the emphasis on building our theory out of the underlying relativity symmetry-the centrally extended Galilean symmetry in the case at hand-allows one to naturally derive both a kinematical and a dynamical description of a quantum particle, which moreover recovers the corresponding classical picture (understood in terms of the Koopman-von Neumann formalism) in the appropriate (relativity symmetry contraction) limit. Our formulation here is the most natural framework directly connecting all of the relevant mathematical notions and we hope it may help a general physicist better visualize and appreciate the noncommutative-geometric perspective behind quantum physics. It also helps to inspire and illustrate our perspective on looking at quantum mechanics and quantum physics in general in direct connection to the notion of quantum (deformed) relativity symmetries and the corresponding quantum/noncommutative models of spacetime as various levels of approximations all the way down to the Newtonian.
Introduction to the Quantum Relativity Perspective
Some years before the turn of the century, the idea that physical spacetime should be modeled, at least at the deep microscopic scale, by some form of noncommutative geometry [1] started to get more and more appreciation from physicists. A major part of it has to do with considerations about the compatibility of the basic notion is quantum mechanics and a theory of geometrodynamics like Einstein general relativity [2] . Noncommutative geometry being obtainable from string theory [3] also helps to promote the idea. The development of noncommutative geometry in mathematics has been driven however in quite a part by the study of operator algebras as motivated by the observable algebra of quantum mechanics. Quantum mechanics is about noncommutative geometry though the observable algebra is usually taken as related only to the quantum phase space. The Newtonian space is still assumed to be the right model for the physical space. Yet, the position observable which should be like coordinates in the space is given by elements of the noncommutative observable algebra. In a theory of particle dynamics, the only truly physical notion about the space is really the totally of all possible positions for a free particle. The Newtonian space is the configuration space for a Newtonian free particle, and the phase space is like a sum of two copies, as the momentum space is isomorphic to the configuration space. In fact, one can start from the relativity symmetry group, the Galilean G (3) group in the case, and obtain the spaces from a representation of the latter, deriving the dynamics as symmetry flows generated by the Hamiltonian as the energy observable. For quantum mechanics, there is no notion of configuration space and the phase space can only be obtained from the so-called projective representation of G(3), which really means a unitary representation of a bigger group, the U(1) central extension ( ) 3 
G
. Our key perspective is that the latter should be taken as the relativity symmetry behind quantum mechanics and the phase space taken as the quantum model for the physical space. In Ref. [4] , we have given a brief report on the key result that the perspective not only put the related notions of quantum mechanics on the same footing as those for Newtonian mechanics, one can also retrieve the Newtonian ones, including the Newtonian space, as classical limits of the quantum notions. The current paper presents the full picture of the dynamics. The nonexistence of any useful notion of the quantum configuration space, or momentum space, here is simply a direct parallel of the nonexistence of independent notion of space and time in the Einstein theory. The quantum phase space as the quantum physical space only splits into the configuration and momentum space at the Newtonian limit.
Our background theoretical/mathematical setting is given by that of deformed special relativity [5] - [15] , within a Lie algebra/group framework [4] [16] [17] [18]. The key theme of deformed special relativity is to look at alternative theories of special relativity, including possible candidates for deep microscopic physics with interesting features including noncommutativity, to which the Einstein theory is an approximation. Note that the notion of spacetime non-of what used to be called phase space instead of what is essentially only the configuration space part. It is interesting to note that the notion of the phase space as the inseparable model of the physical spacetime in quantum settings actually has a parallel in the recent considerations of Born reciprocity and doubled geometry from string theory [21] . It remains to see though if there may be the necessity to go beyond the symplectic and Riemannian geometric setting from our framework.
The projective Hilbert space, as the space of pure states, is a dual geometric structure to the observable algebra [22] . It is still a commutative manifold, but an infinite-dimensional one. We consider it an alternative, real-number geometric description of the noncommutative geometry. The quantum space behind quantum mechanics may be described by the six ˆi X and ˆi P noncommutative coordinate observables or the infinite set of real number coordinates of the projective Hilbert space. Both sets essentially reduce to the same classical limit of the Newtonian phase space coordinates i x and i p . The Weyl-Wigner-Groenewold-Moyal (WWGM) formalism [23] [24] [25] [26] [27] , or deformation quantization, is a key approach for passing from the commutative to the noncommutative. Such a deformation quantization of coordinate observables has been a theme in the construction of noncommutative spacetime. The present paper, however, rewrites the WWGM formalism from the relativity symmetry perspective, i.e. from the cyclic irreducible representation of the group C * -algebra corresponding the the unitary representation of the group on the Hilbert space. The classical limit is retrieved as the symmetry contraction limit pushing all the way to the algebra of observables and their dynamical evolution. Deformation quantization is therefore established as the deformation of the representation of the group C * -algebra, arising as a consequence of the relativity symmetry deformation. We see this work as providing the crucial first link from the bottom-up to any quantum/noncommutaive models of spacetime. It also suggests looking at quantum physics from a noncommutativegeometric point of view. Most, if not all, of the mathematics presented in the paper is essentially there scattered in the physics and mathematics literature. Our work is to pull all that together under an explicit consistent framework to illustrate our ( ) representation provides an alternative giving the Schrödinger wavefunction as a function on essentially "classical" phase space variables much similar to the operators in WWGM itself. The symplectic manifold of the set of classical states can be seen as the submanifold of the basis coherent states in the infinite-dimensional Kähler manifold of the quantum projective Hilbert space [33] .
Moreover, there is the Koopman-von Neumann formulation of classical mechanics in the language of Hilbert spaces [34] [35] [36] . From all of these, we expect looking at the WWGM formalism through the Weyl-Wigner transform starting instead from the Hilbert space of wavefunctions over the coherent state basis will provide a particularly interesting picture of quantum mechanics which would also be suitable for the analysis of the classical limit. One would then have operators and states both plausibly described by elements in the same space of functions or distributions. Consequently, both the WWGM and the Hilbert space formalisms may be unified as one. We are not aware of any explicit treatment along these lines; hence we present one in this article (important work for the coherent states has, however, been given in Ref. [37] ). A key feature, for example, is that a function α acts by the star product α  as an operator on a wavefunction φ ; the Moyal star product α β  between functions is essentially the operator product α β   . In other words, the wavefunctions we start with end up as objects inside the Moyal algebra(s) of "observables"; the Hilbert space is nothing other than the one obtained through an algebraic GNS construction Journal of High Energy Physics, Gravitation and Cosmology [38] [39] from the Moyal algebra itself.
In a recent paper [4] , we have introduced the idea of looking at the central extension of the Galilean group as the true relativity symmetry group for quantum mechanics and the Newtonian case as the contraction limit of the symmetry [16] [40] [41] trivializing the central extension. The Hilbert space serves as the phase space, and in a way also the configuration space, of a free quantum particle.
Taken as representation spaces of the relativity symmetry, the limit of the two picture under the contraction can be traced to give what are essentially the phase and configuration space of the classical Newtonian picture. The latter is more directly given, naively, in the language of Hilbert spaces; hence the Koopman-von Neumann formulation-a part of the story to be described explicitly here. The coherent states serve as the basis for the construction of the quantum Hilbert space representation and are the only ones surviving as (pure) states in the classical limit. The current study is partly motivated, therefore, by the need for a corresponding full dynamical picture of this story. Indeed, the Heisenberg picture provides a more transparent illustration of the dynamics. The WWGM formalism is, of course, supposed to focus on the observables more than the pure states as vectors in a Hilbert space. The coherent state formulation, however, makes the pure states directly accessible within the same algebraic framework.
This framework gives a solid setting for the analysis of time evolution both within and outside of the relativity symmetry perspective. All symmetries can be described on a similar footing, as unitary transformations on the Hilbert space and automorphisms on the algebra of observables.
We especially want to emphasize here our perspective that all of the mathematical structures behind the physical theory naturally manifest themselves from the (relativity) symmetry group and its associated structures. The Hilbert space of pure states is an irreducible unitary representation of the group and the observable algebra is an irreducible representation of the group (C * -)algebra. The former as an irreducible representation of the latter, within our framework, sits naturally inside the latter; the natural (noncommutative algebraic) multiplicative actions of which is the operator action. For a somewhat parallel picture for describing mixed states, we bring in the notion of a Tomita representation [42] [43], which sees a density matrix (for a mixed state) as a vector in a Hilbert space (of operators). This is particularly useful for describing symmetry in the Koopman-von Neumann formulation in the symmetry contraction limit. Symmetries are represented as unitary transformations on the Hilbert spaces and inner automorphisms of the observable algebra. The dynamical picture naturally follows.
So, the analysis here establishes explicitly that the ( )
plays the complete role of a relativity symmetry to quantum mechanics and give the classical approximation of the Newtonian case in all corresponding aspects.
In light of the above, the basic perspective of our framework is to start with the coherent state representation, essentially seen as a representation of the extended Galilean symmetry, which is equivalent to the one formulated simply
Here, ( ) 
and ( ) 
in particular, the 0, 0 state wavefunction is denoted by Note that we use n for the dimension of the classical physical space, though we only consider 3 n = here.
For a full discussion of the algebra of smooth observables, we will go beyond the Hilbert space of pure states for the limited class of bounded observables.
Pure states for smooth observables are unit rays in [26] , though at times we may not pay full attention to the difference below.
The Observable Algebra from the WWGM Formalism
In this article, we emphasize the key role of the associated structures of the symmetry group behind the physical theory. We have seen that the Heisenberg-Weyl group manifold, or the isomorphic coset space of the extended Galilean group, provides a direct description of the coherent state basis [4] for the Hilbert space. Here, we see how the group ring provides a description of the set 
where ( )
θ is a distribution on the group manifold, is a Heisenberg-Weyl ring [23] . Consider ( ) ( )
It can easily be seen that the θ-integration in
λ can be interpreted as an eigenvalue of the central charge generator which is always unity under the representation. We have the latter as a continuous linear injection from
As such, it is a *-algebra homomorphism with respect to the twisted convolution product and the involution * defined by 
where the trace is to be evaluated over the set of coherent states as
Similarly, we have
where
In fact, the left-invariant vector fields, or differential operator realization of the generators, of the group manifold
have their action on a function ( ) , , p x α θ in the form of Equation (11) given by the action on ( ) Hence, 1 λ = yields the differential operators ˆL X and ˆL P of Equation (7) 
is a continuous isomorphism of ( )
, in which case the two products commute. We also have
This is the usual Moyal star product, which can be written as
or in the integral form ( )
In particular, we have
The Fourier transform F is a continuous *-algebra isomorphism between 
where we have
In these expressions, we are putting the two cases, with and without the superscript L, in a single set. This is the Weyl correspondence, i.e. we have 
Moreover,
gives a *-algebra isomorphism between the Moyal algebra [ ] , ,   and the corresponding algebra of smooth "observables"
as algebra of bounded "observables", with Note that though it looks like we have inconveniently made the group parameters and the coherent state expectation values differ by a factor of 2 by using 2 = instead of 1 = units, it is really results like Equation (26) that naturally prefer the convention. The parameter space for the wavefunctions φ can be exactly identified with that of the Moyal star functional algebra. 4 We have
being the phase space parity operator of Grossmann-
∆ is actually selfadjoint, besides being unitary. Journal of High Energy Physics, Gravitation and Cosmology by real elements of the Moyal algebras. We will, however, mostly not pay much attention to the difference between  and ′  below.
We define (  -)multiplicative operators acting on the distributions by
Then, we have the simple and elegant result
which can be interpreted as the Bopp shift. The representation given through ˆL X and ˆL P of Equation (7) on  directly extends to arbitrary functions
and coincides with the  product structure with α φ described in meaning. Looking at a real wavefunction, or φ , makes more sense as the absolute phase of a quantum state has no physical meaning anyway. φ  makes a legitimate physical observable. We are interested only in applying all these mathematical results to the Gelfand triple ′ < <    and that is the background on which the explicit results concerning the states are to be understood. We will see at the end that  is essentially the left ideal of ( ) , we have, with Equation (23),
Explicitly, 
( ) ( ) 
The latter result includes as special cases the standard ˆTr φ φ α φ αρ   =   and the somewhat strange looking ( )
which may be considered as following from Equation (32) 
which is the key result in Ref. [37] giving, together with Equation (33), the explicit integral kernel of the operator α  ; more specifically we have
The set of ab ρ spans the Hilbert space ( )
is a generalized Hilbert algebra [42] and ( ), ,
In the algebraic formulation on ( ) After all, the algebra of observables is to include the enveloping algebra of the latter. Any particular wavefunction φ of  can be used to give a representation through φ ω which are all unitary equivalent. So, we come full circle to the representation on  giving an explicit illustration of the more abstract algebraic language through the WWGM framework.
Lie Algebra Contraction Limit
Consider the contraction [40] [41] of the Lie algebra for the Heisenberg-Weyl subgroup of the full relativity symmetry given by the k → ∞ limit with the rescaled generators and .
We have ( ) and k separate in this section. As we mentioned above, substituting 2 for k yields the familiar quantum expressions with their proper dependence, and then we can interpret the naive choice of taking 0 → (which can be interpreted in the classical system of units) as the classical limit; however, we instead take k → ∞ as the appropriate choice for describing the classical limit in the symmetry (representation) contraction perspective.
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We first rewrite the Heisenberg-Weyl group element in the usual form 
Note that the contraction limits of these vector fields, as given above, carry a factor of . This is needed in order to have the correct physical units; the dropping out of the terms i θ ∂ is to be expected, as the central charge I fully decouples from the rest of the algebra. In particular, observe that, had we replaced not the right thing to do. It should be emphasized that the basic idea for taking the classical approximation as the symmetry contraction limit is to take the original representation which describes the quantum physics to the required limit rather than directly building the classical physics description from the contracted symmetry. We will see that the contraction of the representation does indeed give a representation of the contracted symmetry though. 
On the Hilbert space  of wavefunctions , we then have
The difference between these results and those of Equation (43) can be obtained easily from Equation (9) . As discussed in Ref. [4] , it vanishes at the contraction limit and  , as a representation for the observable algebra, which is to be interpreted as functions of ˆc X and ˆc P reducing to a simple sum of the Journal of High Energy Physics, Gravitation and Cosmology 
the measure of which apparently diverges at the k → ∞ limit. Similarly, Next, we look at all of the above integral transformations in order to track the Weyl correspondence at the contraction limit. Here, it is not so clear whether we should use the group parameters p and x or the coherent state parameters. In fact, both work. Note that in the discussion of the coherent state above, in view of things in the last section, it is better to use , instead, especially as that gives the ratio between the old and new parameters as the same as that between the operators [cf. Equation (41)]. 
Note that-despite the factor of 2n k in front-the latter two expressions are k-independent. The factor of 2n k cancels after integration; note also that
The Weyl correspondence is obviously maintained 6 ; explicitly, we have 
One may also consider 
The twisted convolution required to main- An even better formal picture of the classical limit, which is also particularly useful for the description of dynamics and symmetries below, is offered by the notion of a Tomita representation [42] as presented in Ref. [43] . Note that the representation is not an irreducible one-an aspect that fits the Koopman-von Neumann formulation well. We present only a specific description based on the wavefunctions ( ) . More features of the classical picture obtained will be seen in Section 7, where we discuss the description of dynamics.
Description of Quantum Symmetries and Time Evolution
The description of the quantum symmetries in connection with the WWGM formalism has been well presented in Ref. [46] [47] , from which we summarize the basic features and give explicit details for applications to our framework with particular emphasis on the elements of the relativity symmetry. Hermitian operators, as physical observables, play the role of the symmetry generators giving rise to a group of unitary flow on the Hilbert space(s), as well as an isomorphic group of automorphisms on the set of pure state density operators. Here we only focus on  and the matching set of φ ρ , while extending from the latter to all of ∈   in the language of the Tomita representation. 
We write a generic one parameter group of such a (star-) unitary transformation in terms of real parameter s as [43] ( ) ( ) ( )
From Equation (61), one can see that this is just a fancy restatement of Equation (63) 
where { } , ⋅ ⋅  is the star product commutator, i.e. the Moyal bracket. Hence,
The result is of course to be expected. When applied to the time translation as a unitary transformation, it gives exactly the Liouville equation of motion for a density matrix as the Schrödinger equation for the latter taken as a state in  with Hamiltonian operator G p x only up to an additive constant. This is a consequence of the fact that the density matrix φ ρ is insensitive to the phase of the pure state φ . Constant functions in the observable algebra correspond to multiples of Î on  which generates pure phase transformations, i.e. 
ix p ixp
where ˆˆˆˆî 
To The Relativity Symmetry at the Classical Limit
We have presented the formulation of the classical limit of quantum mechanics from the perspective of a contraction of the relativity symmetry, and the corresponding representations, in Ref. [4] within the Hilbert space picture on  and  . In Section 2, we have presented a formulation within the WWGM setting, focusing on the key part of the Heisenberg-Weyl subgroup. We are now going to push that to the full relativity symmetry. Taking 
This result is obviously consistent with Equation (88), as the first exponential factor simply cancels itself out. The classical limit is taken as the k → ∞ limit, but the dynamics is determined by the noncommutative part of the star product; therefore it is determined by the first nontrivial term in the expansion, which is also the dominating real term. For the Schrödinger picture considerations, however, one would keep only the dominating first term. 
Conclusions
We have explicitly presented a version of the WWGM formalism for quantum mechanics, which we propose as the most natural prescription unifying, the C p x   as a C * -algebra corresponds to the set of compact operators on  is a Moyal subalgebra of ( ) IB  as given by ′  (which is a W * -algebra). The mathematics also offers another geometric object as a kind of dual object to the C * -algebra, 10 The metric is essentially the restriction of the Fubini-Study metric on the quantum phase space (the projective Hilbert space) as the Kähler manifold CP ∞ to the coherent state submanifold [33] .
It is hence totally compatible with the quantum description. Journal of High Energy Physics, Gravitation and Cosmology symmetry contraction. The results also gives a comprehensive treatment of the classical limit of quantum mechanics, to which there are otherwise quite some confusing notions about in the literature.
The explicit analysis in Ref. [4] focused only on the ( ) 3
